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For any integer n7, we show how to explicitly build an infinite number of
rational trinomals of degree n whose Galois group over Q is isomorphic to An .
 2001 Academic Press
In 1892 Hilbert proved that, for every integer n2, the alternating
group An is isomorphic to the Galois group of infinitely many exten-
sions of a given number field. Explicit determination of a polynomial of
degree n with Galois group isomorphic to An was made by Schur when
n2 (mod 4) and, more recently, by Nart and Vila [10] for arbitrary n.
It seems desirable, however, to find polynomials with Galois group over Q
isomorphic to An that are as simple as possible, a natural measure of
simplicity being the fewness of monomials occuring in the polynomial.
Because the Galois group of a binomial is solvable, we have, as the
simplest candidates, trinomials
f (X )=X n+aX m+b (ab{0), (1)
where n>m>0 are positive integers.
In fact, Malle and Matzat [7] have indeed established the existence of
infinitely many rational trinomials of the form X n&t(nX&n+1) with Galois
group An over the rational field Q for any n, but without constructing
explicitly a single example. The purpose of this paper is, in a directly
constructive manner, to realize the alternating group as the Galois group
over Q of a trinomial with rational coefficients. Fixing two coprime
integers n and m such that n7 and 3mn&3, we show how to
explicitly build an infinite number of families of trinomials of the form (1)
with rational coefficients whose Galois group is isomorphic to An
(Corollary 1). By contrast, in their work Nart and Vila [10] employed
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quadrinomials or quintinomials, less simple (in our sense). Moreover, our
results, wherein n7 can be arbitrarily chosen, may be compared with
those of Osada [12] who dealt with the cases n=4, n=5 and n=7.
In first section, we obtain necessary and sufficient conditions for the
Galois group of a trinomial to be contained in An . This is achieved by
exploiting the idea, drawn originally from Gauss [18], of associating with
each trinomial (1) the parameter t= b
n&m
an . This idea is also used by Schinzel
in his work about the reducibility of trinomials [13], the results of which
we use later to give a trinomial with coefficients in a field of rational func-
tions k(*) having An as Galois group (Proposition 2). Then, by means of
Hilbert’s theorem, we show the existence, for each Hilbertian field, of an
infinite number of suitable trinomials (Proposition 3).
Section 2 is devoted to a few preliminary algebraic results. Then Section 3
uses Newton polygons to derive criteria for the Galois group over Q of a
rational trinomial to contain An (Propositions 7, 8, and 9). The Section 4
shows how effectively to build families of trinomials with An as Galois group.
As an application of this method, explicit examples of such trinomials are
provided in Section 5 for all degrees n such that 7n45.
1. TRINOMIALS WITH EVEN GALOIS GROUP
Let n and m be comprime integers (0<m<n), and k be a commutative
field with characteristic prime to mn(n&m). We take a trinomial such as
(1) with coefficients in k and only simple roots in an algebraic closure of
k ; thus the Galois group of f is well definded. As is always possible, we fix
integers r and s such that
s(n&m)&rn=1, 0<s<n and 0r<n&m. (2)
The map % [ b
r
as % is bijection between the set of roots of the trinomial f (X )
and the set of the roots of the trinomial
F (x)=a&snbrn f \a
s
br
x+=xn+trxm+ts # k[x], (3)
where the element t of k is defined by the equation
t=
bn&m
an
; (4)
hence a=tr+n&m, b=ts+n with += asbr .
This bijection gives an isomorphism between the permutation groups of
these sets of roots in which the Galois group Galk( f ) of f (X ) over the field
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k obviously corresponds to the group Galk (F ) of F over k. To characterize
the trinomials with Galois group contained in An , it therefore suffices to
consider trinomials of the form (3) in which the exponents n, m, r and s
satisfy the conditions (2).
For this, we use the familiar fact that, provided the characteristic of k is
not 2, the Galois group of a separable polynomial with coefficients in k
is contained in the alternating group An if and only if its discriminant is a
square in k.
The discriminant of F is [14, Theorem 2]
D(F )=(&1)n(n&1)2 ts(m&1)+rn [nnt+(&1)n&1 mm(n&m)n&m]
which can be written
D(F )=(&1)n(n&1)2 nnts(m&1)+rn(t&t0), (5)
where
t0=(&1)n
mm(n&m)n&m
nn
. (6)
We distinguish two cases, according to the parity of the degree n of the
given trinomial.
If n is odd, then, with reference to (2), s(m&1)+rn is also odd. There-
fore the inclusion Galk(F )An is equivalent to the existence of * # k such
that (&1) (n&1)2 nt(t&t0)=*2t2 ; hence
t=
nt0
n+(&1) (n+1)2 *2
.
If n is even, then t s(m&1)+rn is a square in k. Therefore the inclusion
Galk(F )An is equivalent to the existence of * # k such that
t=t0+(&1)n2 *2
Thus, we have characterized all separable trinomials with an even Galois
group and with exponents n, m and n&m prime to characteristic of k.
Proposition 1. Let n and m be comprime integers. A seperable trinomial
X n+aX m+b(ab{0) with coefficients in a field k, the characteristic of
which does not devide mn(n&m), has a Galois group contained in An if and
only if there exists two elements * and + of k such that
a=tr+n&m,
b=ts+n,
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where r, s are integers satisfying
s(n&m)&rn=1, 0<s<n and 0r<n&m
and where t is given by
t=
nt0
n+(&1) (n+1)2 *2
if n is odd (7)
or
t=t0+(&1)n2 *2 if n is even (8)
with t0=(&1)n
mm(n&m)n&m
nn .
Example. For k=Q, n=7, m=1, +=7635 and *=21, we have s=6,
r=5, and our parametrization proves that the trinomial X 7&7X+3 has
an even Galois group over the rational field. We thus recover an important
example of Trinks (see [15], where it is shown that this Galois group is
isomorphic to PSL(3, 2)). In the literature [6] there also appears the
example of the trinomial X 7&154X+99 with Galois group over Q
isomorphic to PSL(3, 2). It corresponds to += 2
6 } 76 } 11
310
and *= 79127 .
Now regarding * as an indeterminate, we examine the extensions of k(*)
given by this parametrization. The particular case m=1 of the next
proposition is essentially proved in [7] by a less elementary method.
Proposition 2. Let m, n two coprime integers with 0<m<n and k a
field with characteristic not dividing mn(n&m). We denote by r and s
integers such that
s(n&m)&rn=1, 0<s<n and 0r<n&m.
Then, for an indeterminate *, equation (7) (n odd) or equation (8) (n even)
defines an element t of the field k(*) such that the Galois group over k(*) of
the trinomial
F :=X n+trX m+ts
is isomorphic to the alternating group An . Furthermore, if N denotes the
splitting field of F over k(*), then the extension Nk is regular.
Proof. Let k be an algebraic closure of the field k. Obviously, t (defined
by (7) or (8)) is transcendental over k. Accordingly, by Schinzel [13], the
Galois group over k (t) of F is isomorphic to Sn . Hence, its overgroup
Gal k(t)(X n+trX m+ts ) is also isomorphic to Sn .
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Further, it is a consequence of Proposition 1 that the Galois group over
k(*) of F is contained in the alternating group An . As [k(*) : k(t)]2, we
have that Galk(*)(F )=An , exactly.
To justify regularity, we check that (i) k is algebraically closed in N, and
(ii) the extension Nk is separable. For (i), let u be an element of N
algebraic over k ; we claim that u # k. For, as kk(u)k , the Galois group
of F over k(u)(t) is isomorphic to Sn , by the result of Schinzel quoted
already. Therefore [N : k(u)(t)]=[N : k(t)], so u # k(t). The claim follows
since k(t)k is regular.
For (ii), Nk is separable because Nk(*) and k(*)k are separable and
using the transitivity property of seperability, [2, Chapitre V, Proposition 9,
page 117].
In the case where the ground field k is Hilbertian, Proposition 2 has the
following consequence.
Proposition 3. Let m, n be coprime integers with 0<m<n and let k be
a field with a characteristic prime to mn(n&m). If k is Hilbertian, there
exists sequences (ai) i # N and (bi) i # N of elements of k such that the Galois
group of each trinomial X n+aiX m+bi is isomorphic to the alternating
group An , the splitting fields of the polynomials X n+ai Xm+b i being linearly
disjoint over k to each other.
Proof. Let r and s be integers satisfying the relations (2). As k is
Hilbertian, Proposition 2 establishes the existence of a sequence (*i) i # N
such that, with ti defined by (7) or (8), the group Galk(X n+t ri X
m+t si) is
isomorphic to An , the splitting fields of those polynomials being linearly
disjoint over k to each other. Hence the result, taking ai=t ri and b i=t
s
i .
2. PRELIMINARY RESULTS
In this section we gather a few algebraic results to be used in our proofs.
The first is taken from [8, Section 1, Lemma 3].
Lemma 1. If a transitive permutation group contains the product of r
disjoint cycles of length q, then the cardinality of any possible imprimitivity
block divides rq or is strictly bigger than q.
Lemma 2. Let n3 be an odd integer and m be an odd integer smaller
than and prime to n. If a transitive subgroup G of Sn contains a cycle of
length m and either a product of two disjoint cycles of length n&m2 , or a cycle
of length n&m, then G is primitive.
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Proof. Let k>1 be the cardinality of a possible imprimitivity block. As
n and m are comprime, k can divide neither m nor n&m.
By Lemma 1, we see that k>m and k> n&m2 . Observe that, if m<
n
3 ,
then n&m2 >
n
3 ; thus in all the cases k>
n
3 and, as k is a divisor of the odd
number n, this implies that k=n. Thus G is primitive.
Proposition 4. Let n and m be odd comprime integers such that
3m<n&2. Suppose that a subgroup G of Sn contains a cycle of length n,
a cycle of length m and either a product of two disjoint cycles of length n&m2 ,
or a cyle of length n&m. The G contains An .
Proof. The group G is transitive since it contains a cycle of length n.
Therefore, it is primitive, by Lemma 2. Moreover, because it contains a
cycle of length m, it is n&m+1 transitive (by Margraff ’s theorem) and so
at least 5-transitive. But the only permutation groups of odd degree that
are 5-transitive are those containing An (see [1]).
Lemma 3. Let n>2 be an even integer and m be a smaller coprime
integer. Suppose that G is a subgroup of Sn containing the product _1_2 of
two disjoint cycles _1 and _2 of lengths m and n&m, respectively, and either
a cycle of length n, or the product {1{2 of two disjoint cycles of length n2 .
Then G is transitive, indeed primitive.
Proof. Assume Sn act on the set E=[1, 2, ..., n]. Replacing m by n&m,
if necessary, we may suppose that m< n2 .
If G contains a cycle of length n, then G is transitive. If not, by our
hypothesis, we may suppose that G contains a product {1{2 of two disjoint
cycles of length n2. Let O be the orbit under the action of G of an element
: of the support of _2 . That orbit necessarily has to contain the whole sup-
port of _2 ; thus, its cardinality is strictly bigger than n2 , and therefore O
meets the supports of both {1 and {2 . Since the subgroup of G generated
by {1{2 itself acts transitively on each of these supports, we have O=E.
Hence, G is transitive in every case.
Next, let B be a possible imprimitivity block having cardinality k>1.
Since G contains the permutation (_1_2)m, a cycle of length n&m (because
m and n&m are comprime) Lemma 1 shows that k>n&m> n2 . Since k is
a divisor of n, we have k=n, which shows that G is primitive.
Proposition 5. Let n8 be an even integer and m>1 an integer prime
to n such that 1<m<n&1. Suppose that G is a subgroup of Sn containing
the product _1_2 of two disjoint cycles _1 and _2 of lengths m and n&m,
respectively, and either a cycle of length n, or the procduct {1{2 of two dis-
joint cycles of length n2 . Then G contains An .
118 HERMEZ AND SALINIER
Proof. By Lemma 3, G is primitive. Replacing m by n&m, if necessary,
we may suppose m< n2 . Since G contains a cycle of length m, Margraff ’s
theorem shows it is n&m+1 transitive, thus, at least 5-transitive. But the
only 5-transitive permutation group of even degree 8, other that those
containing An , are the Mathieu groups M12 and M24 ([1]), the degrees of
which are 12. Yet, if n12, G would be at least 7-transitive, which is not
so for the Mathieu groups.
Lemma 4. Let L be a Galois finite extension of the p-adic field Qp , I the
inertia group of the extension LQp , LI its invariant field and : be an element
of L. Then the minimal polynomial of : over LI has degree e, the ramification
index of the extension Qp(:)Qp .
Proof. First we show that, for each field K such that QpKL, the
extension K & LIQp is the maximal unramified subextension of KQp . Let
MQp be an unramified extension such that K & LIMK. By [9,
Corollary 1, page 230], the extension MLILI is unramified. Since LIQp is
known to be the maximal unramified subextension of LQp , we necessarily
have MLI=LI, so that MLI, and therefore M=K & LI.
In particular, in the case K=Qp(:), we see that [Qp(:) : LI & Qp(:)]=e.
Because the extension Qp(:)LI & Qp(:) is linearly disjoint from the Galois
extension LILI & Qp(:), we have [LI(:) : LI ]=e, as desired.
Proposition 6. Let f (X ) be an irreducible polynomial with coefficients
in Z, N a splitting field of f (X ) over Q, I the inertia group of a prime ideal
P of N above a prime number p. Suppose that the prime p has the factorization
p= ‘
g
j=1
p ejj
in the number field K generated by a root of f (x) where, for each
j # [1, ..., g], pj is a prime ideal of K the norm of which is p fj and ej1 is
an integer. Then the factorization of f (X ) over the invariant field NI of I,
is of the form f (X )=> gj=1 (>
fj
k=1 8 j, k (X )), where the factors 8 j, k(X ) #
NI[X ] are irreducible polynomials of degree e j .
Proof. The completion of N with respect to the P-adic valuation is a
splitting field L of f (X ) over Qp , which leads to the identificatin of I with
the inertia group of the extension LQp . By a well-known result [9,
Proposition 6.1], f (X ) has a factorization over Qp of the form f (X )=
> gj=1 8j(X ), where 8 j(X ) # Zp[X ] is an irreducible polynomial of degree
ej fj , such that the ramification index of the extension of Qp given by any
root of 8 j (X ) is precisely ej . By Lemma 4, 8j (X ) factorizes over LI into
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irreducible factors of degree ej . From the observation N & LI=NI, this
gives the wanted factorization.
3. CRITERION FOR A RATIONAL TRINOMIAL TO HAVE
GALOIS GROUP CONTAINING An
For every prime number p and every rational number t, we denote vp(t)
the p-adic valuation of t, that is the unique rational integer | such that
t=p| t1t2 , where t1 and t2 are rational integers prime to p.
Now we use Ore’s theorem [11, Theorem 5, Chapter 2], (see also [3,
Theorem A.2]) to deduce from the preceding considerations sufficient con-
ditions for the Galois group of a rational trinomial of degree n to contain
the alternating group. There are two cases according to the parity of n.
3.1. Odd Degree
Proposition 7. Let n and m be odd coprime integers such that 3mn&4.
The Galois group over Q of the separable trinomial X n+aX m+b # Q[X ]
contains the alternating group whenever there exist two prime numbers p and q
such that (setting t= b
n&m
an
)
1. p does not divide n, and the integer &%=vp(t) is negative and prime
to n;
2. q does not divide m(n&m), and the integer ’=vq(t) is positive,
prime to m and such that (’, n&m)2.
Moreover, in this situation, the prime numbers p and q are ramified in the
splitting field N of X n+aX m+b. The inertia groups of the places of N above
p (respectively, q) are generated by a cycle of length n (respectively, by a
permutation of type (m, n&m) or (m, n&m2 ,
n&m
2 )).
Proof. Let r and s be integers satisfying (2). As in the proof of Proposi-
tion 1, the Galois group of the trinomial X n+aX m+b is isomorphic to
that of F (X )=X n+trX m+ts. Set t= uv , where u and v are two coprime
integers and, in order to have a polynomial with integer coefficients in the
shape to apply Ore’s theorem as given in the literature, also set f1(X )=
vnF(Xv)=X n+vn&mtrX m+vnts : thus f1(X ) has integer coefficients by (2).
By our hypothesis, p divides v with an exponent %>0 with (%, n)=1.
The (p, X )-polygon of f1(X ) is the boundary of the upper convex envelope
of the 3 points (0, 0), (n&m, (n&m&r) %) and (n, (n&s) %), without the
vertical lines it contains. By (2), this polygon has a single side S, the
extremities of which are the points (0, 0) and (n, (n&s) %). The length of
the horizontal projection of S is n and the length of the vertical projection
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is (n&s) %. These lengths are coprime by hypothesis. Accordingly, we
deduce that the polynomial f1(X )and consequently the polynomial f (X )
toois irreducible over Qp , hence over Q. (This is a special case of Dumas’
theorem [5] as stated in [16, page 76]; for recent statement and proof of
this special case see [17, Lemma 3.1]; a discussion of the use of Newton
polygons to get irreducibility results can be found in [4]).
From Ore’s theorem [11, Theorem 5, Chapter 2], we deduce that p is
totally ramified in the number field K generated by a root of f1(X ). As
furthermore p does not divide n, the ramification is tame; thus, the inertia
group Ip of a prime ideal above p of the splitting field N of f1(X ) over Q
is a cyclic finite group. Moreover, Proposition 6 ensures that f1(X ) is
irreducible over the inertia field NIp and hence Ip acts transitively on the
roots of f1(X ). Therefore, the group Ip is generated by a cycle of length n.
Next, our hypothesis means that the prime number q divides u with an
exponent ’>0 prime to m and such that (’, n&m)2. This time, by (2),
the (q, X )-polygon of f1(X ) comprises two sides, S1 with edges (0, 0) and
(n&m, r’), and S2 with edges (n&m, r’) and (n, s’). Hence, by Ore’s
theorem [11, Theorem 5, Chapter 2] we have
q=a (n&m)21 a
m
2 , (9)
where a1 and a2 are two integral ideals of K, the norms of which are,
respectively, q2 and q; in particular, the ideal a2 is a prime ideal of K.
Because the ideal a1 is, at worst, the square of a prime ideal of K, and, by
hypothesis, q does not divide m(n&m), we see that q is tamely ramified
in K. Therefore, the inertia group Iq of a prime ideal of N above q is finite
cyclic. From Proposition 6, the factorization (9) ensures that f1(X ) fac-
torizes over NIq as a product of an irreducible factor of degree m and either
an irreducible factor of degree n&m, or the product of two irreducible fac-
tors of degree n&m2 . We deduce that Iq is generated either by a permutation
of type (m, n&m), or by a permutation of type (m, n&m2 ,
n&m
2 ).
Proposition 4 suffices for us to conclude that the Galois group of f1(X )
contains the alternating group An .
In the case in which n is prime, we can give a less strict criterion.
Proposition 8. Let n be a prime and m an odd integer such that 3
mn&4. The Galois group over Q of the separable trinomial X n+aX m+
b # Q[X ] contains the alternating group An whenever there exists two primes
p and q such as (with t= b
n&m
an
)
1. the integer &%=vp (t) is negative and prime to n;
2. q does not divide m(n&m), and the integer ’=vq (t) is positive and
prime to m.
121TRINOMIALS WITH ALTERNATING GALOIS GROUP
Proof. In the proof of Proposition 7, observe that f1(X ) is irreducible
over Qp even if p=n. Hence, the Galois group of f1(X ) is a subgroup of
Sn whose order is divisible by n. Hence, it contains a cycle of length n.
Therefore, this Galois group is transitive and so, as a transitive permuta-
tion group of prime degree, it is primitive. With the weaker hypotheses we
now have, the factorization (9) is replaced by
q=a1am2 , (10)
where a1 is a integral ideal of K the norm of which is qn&m, and a2 a prime
ideal of K with norm q. Moreover, the associated polynomial of the side S1
is a binomial, the degree of which divides n&m; hence it is seperable
modulo q. Therefore, Ore’s theorem ensures that, in the decomposition of
a1 into a product of prime ideals of K, there are only exponents dividing
n&m. In particular, the ramification of q in N is tame, the inertia group
Iq is finite cyclic, and by Proposition 6, any generator of Iq is the product
of a cycle of length m and disjoint cycles of length dividing n&m. There-
fore, the Galois group of f1(X ) is a primitive group of degree n containing
a cycle of length m. By Margraff ’s theorem, it is at least 5-transitive, and
hence contains An .
3.2. Even Degree
Proposition 9. Let n be an even integer and m an integer prime to n
such that 3mn&3. The Galois group over Q of the separable trinomial
X n+aX m+b # Q[X ] contains the alternating group An whenever there
exist two primes p and q such that (with t= b
n&m
an
)
1. p does not divide n, and the integer &%=vp(t) is negative and such
that (%, n)2;
2. q does not divide m(n&m) and the integer ’=vq(t) is positive and
prime to m(n&m).
Moreover, in this situation, the primes p and q are ramified in the splitting
field N of X n+aX m+b. The inertia groups of the places of N above p
(respectively, q) are generated by a cycle of length n or a by a permutation
of type ( n2 ,
n
2) (respectively, by a permutation of type (m, n&m)).
Proof. Let r and s be integers satisfying (2). As in the proof of Pro-
position 7, setting t= uv , where u and v are two coprime integers, one finds
f1(X )=vnF (Xv)=X n+vn&m t rX m+vn t s # Z[X ].
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By our hypothesis, p divides v with an exponent %>0 with (%, n)2.
The ( p, X )-polygon of f1(X ) is reduced to one side S whose edges are the
points (0, 0) and (n, (n&s) %). By (2), the lengths of the horizontal projec-
tion and of the vertical projection of this side can have only 2 as a common
factor. From this, one deduces from Dumas ’ theorem [16, page 76] that
the polynomial f1(X ) is over Qp either irreducible or the product of two
irreducible polynomials of degree n2 .
Moreover, our hypothesis means that the prime number q divides u with
an exponent ’ prime to m(n&m). This time, the (q, X )-polyngon of f1(X ),
by (2), comprises two sides S1 , with edges (0, 0) and (n&m, r’), and S2 ,
with edges (n&m, r’) and (n, s’). By (2), the lengths of the horizontal pro-
jections and of the vertical projections of these two sides are coprime,
so that Dumas ’ theorem shows that the polynomial f1(X ) is over Qq the
product of two irreducible polynomials, of which the degrees are m and
n&m. Comparing the possible factorizations of f1(X ) over Qp and Qq , we
conclude that the polynomial f1(X ) is irreducible over Q.
Now Ore’s theorem [11, Theorem 5, Chapter 2]applied to the (p, X )-
polygon of f1(X )shows that p splits in the number field K generated by
a root of f1(X ) as
p=an2, (11)
where a is an integral ideal of K with norm p2. As moreover, p does not
divide n, the ramification of p in K is tame, and therefore the inertia group
Ip of a prime ideal above p of the splitting field N of f1(X ) over Q is a
cyclic finite group. Proposition 6 ensures that, over the inertia field NIp,
f1(X ) is either irreducible, or the product of two irreducible factors of
degree n2 . Therefore, the generator of Ip is either a cycle of length n or a per-
mutation of type (n2, n2).
Considering now the (q, X )-polygon of f1(X ), we have by Ore’s theorem
q=qn&m1 q
m
2 , (12)
where q1 and q2 are prime ideals of K with norm q. Since q is prime
to m(n&m), it is tamely ramified in K and hence the inertia group Iq
of a prime ideal of N above q is cyclic finite. Proposition 6, and factoriza-
tion (12) ensure that over the inertia field NIq the polynomial f1(X )
is the product of an irreducible factor of degree m and an irreducible
factor of degree n&m. Thus Iq is generated by a permutation of type
(m, n&m).
Finally, Proposition 5 implies tht the Galois group of f1(X ) contains the
altrnating group An .
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4. CONSTRUCTION OF RATIONAL TRINOMIALS HAVING
GALOIS GROUP An
As a climax, we effectively build rational trinomials of degree n whose
Galois group over Q is isomorphic to the alternating group An , for any
integer n7.
Theorem 1. Let n7 and m be odd coprime integers such that
3mn&4. Also, let p a prime not dividing mn(n&m) which splits in the
quadratic field Q(- (&1) (n&1)2 n), if n is not a square, and q be another
prime not dividing pnm(n&m). Then there exists integers r and s satisfying
conditions (2), and l a rational integer prime to q such that
vp(l2+(&1) (n+1)2 nq2)=1. (13)
Further, set *= lq # Q and
t=
nt0
n+(&1) (n+1)2 *2
,
where t0 is defined by relation (6). Then the trinomial Ft (X ) :=X n+trX m+
ts # Q[X ] is seperable, its Galois group Q is isomorphic to the alternating
group An and the primes p and q are ramified in the number field K generated
by any root of this trinomial.
Proof. By hypothesis, there exists an integer u such that u2+
(&1) (n+1)2 n#0 (mod p). The existence of an integer l0 prime to q such
that l0#qu (mod p) is an immediate consequence of the Chinese
remainder theorem. The prime p divides l 20+(&1)
(n+1)2 nq2. The integer
vp(l 20+(&1)
(n+1)2 nq2 ) may be bigger than 1. But, in that case, l=l0+
pq satisfies condition (13), otherwise it suffices to take l=l0 . The fact that
Ft(X ) is separable results easily from equation (5). Then Propositions 1
and 7 ensure that the Galois group of the trinomial Ft(X ) is isomorphic to
the alternating group, and also that the prime numbers p and q are
ramified in K.
Example. Choose n=9 and m=5. Then p=7, q=11, l=12 leads to
t= & 2
8 } 54 } 112
319 } 7
corresponding to the trinomial with integral coefficients X 9&
22869X 5+1420469820. This trinomial therefore has A9 as Galois group.
For prime degrees it is possible to give a significantly simpler construc-
tion by means of our criterion (Proposition 8).
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Theorem 2. Let n7 a prime number and m be an odd integer such that
3mn&4. Also, let q be a prime not dividing nm(n&m), l be a rational
integer prime to nq, } be a rational integer prime to m, and & be an integer
such that 0&< n&12 . Then put *=
l
n&q} # Q, and
t=
nt0
n+(&1) (n+1)2 *2
,
where t0 is defined by the relation (6). Then the trinomial Ft(X ) :=
X n+tr X m+ts # Q[X ] (where r and s and integers satisfying relations (2))
is separable, its Galois group over Q is isomorphic to the alternating group
An , and the primes n and q are ramified in the number field K generated by
any root of this trinomial.
Proof. It suffices to verify that the hypothesis of the criterion (Proposi-
tion 8) are satisfied with p=n.
Examples. Choosing n=7, m=3, q=5, l=1, }=1 and &=0, we
conclude that Ft (X )=X 7& 108001294139 X
5+ 1166400001674795751321 , is a trinomial with an
Galois group over Q isomorphic to A7 . It may be transformed into a poly-
nomial with integral coefficients, namely,
\ 2539+
&7
Ft \2X539+=X 7&44022825X 3+7191128463750.
A related trinomial with smaller coefficients is
1674795751321
116640000
X 7 Ft \ 607X+=X 7&75460X4+48807528000.
Theorem 3. Let n8 and m be coprime integers with n even and such
that 3mn&3. Also, let q be a prime not dividing nm(n&m) which splits
in the quadratic field Q (- (&1) (n+2)2 m(n&m)) if m(n&m) is not a
square, and p be another prime not dividing qnm(n&m). Then there exist
integers r and s satisfying conditions (2), and a rational integer l prime to
p such that
vq(m(n&m) p2+(&1)n2 l2)=1 (14)
Next, put *= m
(m&1)2(n&m)(n&m&1)2
nn2
} lp # Q and
t=t0+(&1)n2 *2,
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where t0 is defined by relation (6). Then the trinomial Ft(X ) :=X n+trX m+
ts # Q[X ] is separable, its Galois group over Q is isomorphic to the alternating
group An and the primes p and q are ramified in the number field K generated
by any root of this trinomial.
Proof. By hypothesis, there exists an integer u such that u2+(&1)n2
m(n&m)#0 (mod q). By the Chinese remainder theorem, there exists l0
prime to p such that l0#pu (mod q). Then q divides m(n&m) p2+
(&1)n2 l 20 . If l0 does not satisfy (14), then l=l0+pq does; otherwise, set
l=l0 . Equation (5) ensures in particular that Ft (X ) is separable. Proposi-
tions 1 and 9 show then that the Galois group of the trinomial Ft (X ) is
isomorphic to the alternating group and also that the primes p and q are
ramified in K.
Observe that, in the statement of Theorems 1, 2, and 3 with fixed n and
m there exist infinitely many possible choices for the prime number q (and
also for the prime number p in Theorems 1 and 3). Therefore, these
theorems allow us to make Proposition 3 explicit when the ground field is
the Hilbertian field Q. To build recursively a sequence of trinomials of
degree n with rational coefficients and with Galois group isomorphic to An
and the splitting fields of these trinomials linearly disjoint over Q to each
other, it suffices to proceed as follows. First, a choice of q (and possibly p)
leads to a trinomial Ft (X ), the primes p and q being ramified in the split-
ting field N0 of Ft (X ). Then choose a prime q1 , not dividing nm(n&m),
and such that q1 is not ramified in N0 ; the choice of q1 (possibly with the
same p) leads then to another trinomial Ft1 (X ) with a Galois group
isomorphic to An , such that q1 is ramified in the splitting field N1 of
Ft1 (X ), so that N0 and N1 are linearly disjoint over Q. Then choose
another prime number q2 prime to nm(n&m) unramified neither in N0 nor
in N1 , and so on. This justifies the following statement.
Corollary 1. Given any integer n7, one can effectively build infinitely
many trinomials (1) of degree n, with rational coefficients and with splitting fields
over Q linearly disjoint to each other, having Galois group over Q isomorphic
to An .
Proof. From the preceding, it suffices to prove that one can choose m
such that 3mn&3 prime to n and odd when n is odd. For this, we
write for an odd integer n7n=2hk+1 and for an even integer
n8n=2hk+2 with k odd and h1 an integer. Then we can choose
m=k if k>1, m=3 if k=1 with h even and n odd, m=5 if k=1 with h
and n both odd, m=3 if k=1 with h odd and n even, m=5 if k=1 with
h and n both even.
126 HERMEZ AND SALINIER
5. EXAMPLES
In this Section we gather some numerical examples in Tables IIII. This
furnishes explicit examples of trinomials X n+aX m+b of degree n with
Galois group isomorphic to An for each integer n such that 7n45.
Each of these three tables corresponds to one of the three cases we have
examined (n odd and composite, n prime and n even). We use the same
notation as in the statements of our three theorems (Theorems 1, 2 or 3).
In each case, the parameter t can be computed from the numbers a and b
of the table by the formula (4).
TABLE I
n Odd and Not Prime
n m p q l a b
9 5 7 11 30 &33 .53 .7 .112 22 .32 .58 .72 .115
15 11 17 7 25 &32 .5 .72 .113 .173 2.34 .78 .1114 .1711
21 17 5 11 39 &22 .3 .5 .74 .112 212 .55 .716 .1111 .174
25 17 3 7 50 3.52 .76 23 .33 .719 .172
27 19 7 79 1062 &33 .73 .792 23 .710 .192 .797
33 29 761 149 66 &3.11 .1492 . 761 22 .297 . 14917 . 7618
35 31 331 3 4 &32 .52 .72 .313 . 3313 22 .318 .59 .79 .3134 . 33126
39 31 181 5 78 &3.52 .13 .317 .1817 23 .510 .3138 . 18134
45 41 211 13 630 32 .5 .132 .211 22 .1323 .4110 . 21111
TABLE II
n Prime
n m q l a b
7 4 5 9 &5.73 3.53 .75
11 8 5 7 &2.32 .52 .112 211 .37 .58 .114
13 8 3 11 +2.3 .134 27 .33 .5 .138
17 13 3 5 &23 .32 .133 .174 213 .39 .1316 .1713
19 11 7 20 &72 .196 23 .75 .11 .1912
23 19 3 7 &32 .193 .232 312 .1922 .236
29 25 3 16 &32 .53 .2912 22 .315 .534 .2980
31 27 7 23 &2.3.72 .312 27 .328 .716 .318
37 32 21169 128766 &373 .q4 232 .5 .3715 .q30
41 37 3 19 &23 .32 .373 .414 232 .321 .3740 .4131
43 32 5 16 &26 .52 .118 .432 238 .58 .1132 .434
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TABLE III
n Even
n m p q l a b
8 5 7 23 1 25 .32 .5 .7 .23 27 .36 .54 .72 .233
10 7 11 41 9 22 .53 .112 .412 24 .3 .57 .72 .116 .417
12 7 11 13 35 26 .33 .74 .11.132 210 .35 .5 .711 .112 .135
14 11 5 31 9 2.5 .7 .11.31 2.3 .54 .118 .315
16 13 5 337 6 24 .52 . 3372 3.510 .134 . 33711
18 13 11 7 75 24 .32 .73 .114 .13 212 .5 .711 .1114 .136
20 17 7 881 12 22 .5 .7 .17.881 3.76 .1712 . 8817
22 19 5 43 36 2.52 .11 .432 3.514 .196 .4315
24 19 7 97 1 27 .32 .54 .73 .193 .97 220 .35 .520 .714 .1918 .975
26 23 7 73 60 2.7 .13 .23.73 &3.78 .2316 .739
28 25 11 3037 6 22 .7 .112 . 30372 3.516 .1118 . 303719
30 23 11 17 140 2.3.5 .11 .173 .233 &7.114 .1713 .2316
32 29 5 17 1 26 .32 .5 .17 .29 213 .322 .510 .1711 .2920
34 31 5 11 9 22 .52 .112 .173 .313 212 .3 .522 .1123 .1723 .3144
36 31 11 23 155 25 .36 .112 .234 .314 222 .329 .5 .1114 .2329 .3135
38 31 3 859 434 2.33 .19 .316 .8592 &316 .7 .3137 . 85911
40 37 7 17 1 23 .3 .53 .72 .172 .373 22 .314 .527 .726 .1727 .3752
42 37 11 23 150 2.3.7 .11 .232 .372 &5.118 .2317 .3724
44 41 5 257 3 24 .5 .11 .41.257 230 .3 .514 .4128 . 25715
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